Abstract. We show that on integral normal separated schemes whose function field is separably closed, for each pair of points the intersection of the resulting local schemes is local. This extends a result of Artin from rings to schemes. The argument relies on the existence of certain modifications in inverse limits. As an application, we show thatČech cohomology coincides with sheaf cohomology for the Nisnevich topology. Along the way, we generalize the characterization of contractible curves on surfaces by negative-definiteness of the intersection matrix to higher dimensions, using bigness of invertible sheaves on non-reduced schemes.
Introduction
This paper deals with the Zariski topology for a class of schemes that are in general highly non-noetherian, yet arise from noetherian schemes in a canonical way: We say that an integral scheme X is totally separably closed if it is normal and the function field F = O X,η = κ(η) is separably closed. As abbreviation one also says that X is a TSC scheme. Each integral scheme X 0 has a total separable closure X = TSC(X 0 ), defined as the integral closure with respect to a chosen separable closure F = F sep 0 of the function field F 0 . Such schemes X are everywhere strictly local. In other words, all local rings O X,x , x ∈ X are strictly local rings, that is, henselian with separably closed residue field. One may regard them as analogues of Prüfer schemes, where all local rings are valuation rings.
TSC schemes have some relevance with respect to theétale topology. Indeed, M. Artin [3] used them to prove thatČech cohomology equals sheaf cohomology for theétale topology over affine schemes X = Spec(R). This result immediately extends to schemes with the AF property, which means that any finite subset admits an affine open neighborhood. Note, however, that by [4] , Corollary 2, the AF property is equivalent to quasiprojectivity for normal schemes that are separated and of finite type over a ground field. Actually, Artin used algebraic closure rather that separable closure, but this makes no difference for the underlying topological spaces. See Huneke's overview [16] for the role of absolute integral closure in commutative algebra.
One crucial step in Artin's arguments is to show that affine integral TSC schemes X have the following surprising property, which is of purely topological nature: For any pair of points u, v ∈ X the intersection of local schemes Spec(O X,u ) ∩ Spec(O X,v ) ⊂ X remains a local scheme. If we endow the underlying set X with the order relation x ≤ y ⇔ x ∈ {y}, the above property means that the supremum sup(u, v) exists for all pairs of points u, v ∈ X. This strange property almost never holds on noetherian schemes X 0 , and intuitively means that in inverse limits X = lim ← − X λ , common generizations of u λ , v λ ∈ X λ are totally "ripped apart". In some sense, this is a topological incarnation of the result of Schmidt that a field with two different henselian valuations is separably closed ( [27] , Satz 3. See [10] , Theorem 4.4.1 for a modern account). The main goal of this paper is to establish Artin's result in full generality:
Theorem. (See Theorem 2.1) For any separated integral TSC scheme X, the intersections Spec(O X,u ) ∩ Spec(O X,v ) ⊂ X are local for all points u, v ∈ X.
In [28] , I already obtained this for total separable closures of schemes X 0 that are separated and of finite type over a ground field k. The arguments rely on modifications and contractions in inverse limits X = lim ← − X λ , and do not apply in mixed characteristics. Here we modify our approach, and reduce the problem to proper schemes over excellent Dedekind domains. We then use different modifications X ′ and contractionsX in inverse limits so that Artin's result applies to the TSC schemẽ X, which is constructed to have the AF property. This is enough to conclude for the original TSC scheme X.
To carry this out, we have to analyze the existence of suitable modifications and contractions. On algebraic surfaces X, a curve E = E 1 + . . . + E r is contractible to points if and only if the intersection matrix Φ = (E i · E j ) is negative-definite. This observation goes back to Mumford, Artin and Deligne, in various forms of generality. Note that in general the contractions r : X → Y yield algebraic spaces rather than schemes. The following generalization to higher dimensions seems to be of independent interest:
Theorem. (See Theorem 1.5) Let X be a normal scheme that is proper over an excellent Dedekind domain R, and E = E 1 + . . . + E r be a Weil divisor contained in a closed fiber for the structure morphism X → Spec(R). If E is is contractible to points, then for each effective Cartier divisor D = m i E i , the invertible sheaf
Here bigness for an invertible sheaf L on some proper algebraic scheme Z, which is not necessarily reduced or irreducible, is defined in terms of the Iitaka dimension, which itself is given, up to a shift, by the Krull dimension of the ring R(Z, L ) = n≥0 H 0 (Z, L ⊗n ). This generalization from integral to arbitrary schemes was analyzed by Cutkosky [7] , and his results on the multiplicity or volume mult(a • ) = vol(a • ) for graded families of ideals, together with Huneke's version [15] of the Briançon-Skoda Theorem, play a crucial role for the above.
As explained in [28] , our main result on TSC schemes has immediate consequences for the Nisnevich topology of completely decomposedétale maps [24] . This is a variant of theétale topology, where the local rings are henselian local rings rather than strictly local rings. We get:
Theorem. (See Theorem 3.1) For each quasicompact separated scheme X and every abelian Nisnevich sheaf F , the canonical mapš
fromČech cohomology to sheaf cohomology are bijective in every degree p ≥ 0.
The paper is organized as follows: Section 1 contains our results on contractions for proper schemes over excellent Dedekind domains. The main result about TSC schemes is given in Section 2. The final Section 3 gives the application to Nisnevich cohomology.
Contractions over Dedekind domains
Let S = Spec(R) be the spectrum of a Dedekind domain R, and X be an proper S-scheme. We write f : X → S for the structure morphism. For simplicity, we assume that the scheme X is integral and that the ring R is excellent. Note that we do not assume flatness; in particular, the structure morphism may factor over some closed point σ ∈ S.
A closed subscheme E ⊂ X is said to be contractible to points if there is a commutative diagram
S where Y is an algebraic space, the structure morphism g : Y → S is proper, and r : X → Y is a morphism with O Y = r * (O X ) that is an open embedding on X E such that the image Z = r(E) consists of finitely many closed points. Their images in S are closed as well, and it follows that the connected components of E are contained in closed fibers for the structure morphism f : X → S. The morphism r : X → Y is unique up to unique isomorphism, and depends only on the underlying closed set for E ⊂ X, which follows from [13] , Lemma 8.11.1.
Algebraic spaces can be glued along open subsets in the same way as ringed spaces (a consequence from [25] , Proposition 5.2.5). In particular, the closed subset E ⊂ X is contractible to points if and only if each connected component is contractible to a single point. Using Stein factorization, one easily sees the following permanence property: Proposition 1.1. Assume X ′ is another proper S-scheme that is integral, and let X ′ → X be a morphism. Suppose that a closed subset E ⊂ X is contractible to points, and that the morphism X ′ → X is finite over X E. Then the preimage
For general closed subsets E ⊂ X it is often difficult to verify contractibility. However, by applying the previous result to the blowing-up X ′ → X with center E one reduces to the case of effective Cartier divisors. Then more can be said:
. If the restriction L |E is ample then the closed subset E ⊂ X is contractible to points.
Proof. This immediately follows from Corollary 6.10 in Artin's work [2] on algebraic stacks: It suffices to treat the case that E is connected, and we need to check two conditions. The first condition is straightforward: for every coherent sheaf F on E the cohomology group
The second conditions is somewhat more intricate: Since E is proper, connected and contained in a closed fiber X σ = f −1 (σ), the rings R n = H 0 (X, O nE ) are finite local artinian R-algebras. Write k n = R n /m Rn for their residue fields. The inclusions E ⊂ 2E ⊂ . . . induce an an inverse system k 1 ⊃ k 2 ⊃ . . . of fields, all of which contain the residue field κ = κ(σ) and have finite degree. Let k = k n be their intersection, and choose an index n 0 so that the inclusions k n+1 ⊂ k n are equalities for all n ≥ n 0 . Consider the resulting morphism E → Spec(k) and, for each n ≥ 0, the cartesian diagram
Artin's second condition stipulates that the upper vertical arrows must be surjective. To see this, choose some index m ≥ max(n 0 , n). Then k m = k and the residue class map R m → k m = k factors over the fiber product R n × k 1 k, so the projection in question is surjective.
The converse does not hold: For example, if X is regular of dimension d = 2, and E = E 1 + E 2 is a curve with two irreducible components, having intersection matrix Φ = (
. The latter is negative-definite, so the curve E is contractible. The
Nevertheless, it is natural to ask for some form of converse. Indeed, we shall establish such a result based on the notion of bigness rather then ampleness. Let us recall the relevant definitions: Suppose Z is a proper scheme over some ground field k. Given an invertible sheaf L on Z we get a graded ring R(Z, L ) =
, which is is not necessarily of finite type or noetherian. Let d = dim(R) be its Krull dimension. The Iitaka dimension or Kodaira-Iitaka dimension is defined as
Note that it will be crucial to allow reducible and non-reduced schemes Z for what we have in mind. For integral normal schemes Z, the Iitaka dimension is a classical notion from birational geometry: If some L ⊗n 0 with n 0 ≥ 1 has a non-zero global section, the number κ(L ) can also be seen as the maximal dimension of the images for the rational maps X P m defined by L ⊗n , where m = h 0 (L ⊗n )−1 and n ≥ 1 runs over the positive multiplies of n 0 . We refer to the monograph of Lazarsfeld ([20] , Section 2.2) for more details. Iitaka dimension was only recently extended to arbitrary proper schemes, by the work of Cutkosky on asymptotics of ideals and linear series. In fact, in [7] , Section 7 he defined it in the more general context of graded linear series, which can be seen as graded subrings L = n≥0 L n inside R(Z, L ).
According to [7] , Lemma 7.1 we have κ(L ) ≤ dim(Z) for arbitrary proper schemes Z. In case of equality κ(L ) = dim(Z) one says that the invertible sheaf L is big. We need the following observation on invertible sheaves that are not big:
Proof. This is a devissage argument similar to [14] , Theorem 3.1.2. Let Coh(Z) be the abelian category of all coherent sheaves F on Z, and C ⊂ Coh(Z) be the subcategory of all sheaves for which the assertion holds. If 0 → F ′ → F → F ′′ → 0 is a short exact sequence, the resulting long exact sequence immediately gives the following implications:
Furthermore, C contains all coherent sheaves with dim(F ) ≤ d − 1, according to [7] , Lemma 7.1. Let Z 1 , . . . , Z r ⊂ Z be the irreducible components, endowed with the reduced scheme structure. By [7] , Lemma 10.1 combined with Lemma 9.1 we have
In light of [7] , Corollary 9.3 it follows that O Z i ∈ C, and hence O Z ′ ∈ C for every reduced closed subscheme Z ′ ⊂ Z. Note that the cited Corollary was formulated for projective rather than proper schemes, but the proof holds true without changes in the more general setting.
To proceed, we first suppose that F is a torsion-free coherent O Z i -module, say of rank r ≥ 0. Let η ∈ Z i be the generic point, choose a bijection F η ≃ κ(η) ⊕r , and let F ′ be the resulting intersection
, where M Z i denotes the quasicoherent sheaf of meromorphic functions. Then F ′ is coherent and contained in both O
we infer with (1) that F ′ and thus F is contained in C.
Next let F be an an O Z red -module, and write F i for the restriction F |Z i modulo its torsion subsheaf. Then we have a short exact sequence
The term on the right lies in C, by the preceding paragraph, and thus also the subsheaf
Finally, let F be arbitrary, and I = Nil(O Z ) be the nilradical, say with I m = 0. In the short exact sequences 0 → I n F /I n+1 F → F /I n+1 F → F /I n F → 0, the term on the left is annihilated by I , whence lies in C. Using induction on n ≥ 0, one sees that the F /I n F ∈ C. The case n = m yields F ∈ C.
It is easy to characterize bigness in dimension one:
By the above, the restriction L |Z ′ is big. According to [7] , Lemma 9.1 combined with Lemma 10.1, the invertible sheaf L must be big. Conversely, assume L is big. Then there is some irreducible component
We now come to our converse for Proposition 1.2:
Suppose that X is normal, and let E ⊂ X be an effective Weil divisor that is contractible to points, with irreducible components
Proof. It suffices to treat the case that E is connected. Let r : X → Y be the contraction, and y = r(E) be the resulting closed point. Write k = κ(y) for the residue field, choose a separable closure k sep and consider the resulting geometric pointȳ : Spec(k sep ) → Y and the ensuing strictly local ring O Y,ȳ . We now replace the scheme Y by the spectrum of O Y,ȳ , and X by the fiber product X × Y Spec(O Y,ȳ ). This brings us into the situation that the scheme Y is the spectrum of a strictly local excellent ring R, and r : X → Y is a proper morphism with R = H 0 (X, O X ) that is an open embedding on X E and maps E to the closed point y ∈ Y . Since the formal fibers of the excellent scheme Spec(R) are geometrically regular, me may base-change to the formal completion and assume that the local noetherian ring R is complete.
Consider the short exact sequences 0
⊗n |D, and we get a short exact sequence
The schematic images for the morphisms nD → Spec(R) are of the form Spec(R/a n ), for some inverse system of local Artin rings R/a n . It yields a descending chain a 1 ⊃ a 2 ⊃ . . . of m R -primary ideals given by
From this description we see that these ideals form a graded family of ideals in the sense of [7] , that is, a m · a n ⊂ a m+n for all m, n ≥ 0. In other words, the subset a n T n ⊂ R[T ] is a subring, which one may call the Rees ring for the graded family of ideals. Since the complete local ring R is reduced, the limit
exists as a real number by [7] , Theorem 4.7. Here d = dim(R), and the number α is called the multiplicity or volume of the graded family of ideals. One should think of it as a generalization of the classical Hilbert-Samuel multiplicities e(b, R), which is defined in terms of the graded family of ideal powers b n = b n . We now compute this number in two ways. For the first computation, we describe the ideals a n in terms of valuations: Let x i ∈ E i be the generic points. Since X is normal, the local rings O X,x i are discrete valuation rings. Let v i : F × → Z be the corresponding normalized valuation on the field of fractions F = Frac(R) = κ(η), where η ∈ X is the generic point. Then
This reveals that the ideals a n are integrally closed: Indeed, the codimension one points x 1 , . . . , x r ∈ X admit a common affine neighborhood U = Spec(A), according to [12] , Theorem 1.5. Write p 1 , . . . , p r ⊂ A for the corresponding prime ideals of height one. Then the localization A ′ = S −1 A is a semilocal Dedekind domain, for the multiplicative system S = A (p 1 ∪ . . . ∪ p r ). We see
and this is integrally closed according to [29] Proposition 6.8.1 together with Remark 1.1.3 (8) . Setting b = a 1 , we moreover have b n ⊂ a n , and infer that the ideal a n is the integral closure of the ideal b n . According to the Briançon-Skoda Theorem in Huneke's form [15] , Theorem 4.13, there is an integer l ≥ 0 so that a n ⊂ b n−l for all n ≥ l. Note that this is already a consequence from Izumi's Theorem as given by Hübl and Swanson [18] , Theorem 1.2. It follows that length(R/a n ) ≥ length(R/b n−l ). Passing to the limit, we obtain
Indeed, both factors in the sequence on the right converge. The second factor converges to one, whereas the first factor tends to the Hilbert-Samuel multiplicity e(b, R). But such Hilbert-Samuel multiplicities are always integers e ≥ 1, according to [6] , Chapter VIII, §4, No. 3. The upshot is that α ≥ 1. Seeking a contradiction, we now assume that the restriction L |D is not big, and compute the number α in another way. Recall that dim(X) = dim(R) = d, such that dim(E) = d − 1. According to Lemma 1.5, we have h 0 (L ⊗n |D) ≤ βn d−2 for some real constant β > 0. By definition of the ideals a n , there are commutative diagrams
with exact rows. Combining with the exact sequence (2), we see that the kernels for the surjection R/a n+1 → R/a n are vector subspaces
Inductively, we infer that
for some real constant γ ≥ 0. This in turn gives
If X is a regular 2-dimensional scheme, with a curve E ⊂ X that is contractible to a point, the intersection matrix Φ = (E i · E j ) is negative-definite, according to Mumford [23] in the complex case, Artin [1] for algebraic surfaces, and Deligne [8] , Exposé X, Corollary 1.8 in the arithmetic situation. So for every non-zero effective Now back to our general setting f : X → S = Spec(R). Let E ⊂ X be a closed subset that is contractible to points. If the proper algebraic space Y resulting from the contraction X → Y admits an ample invertible sheaf, that is, comes from a projective scheme, we say that a closed subset E ⊂ X is projectively contractible to points. This is a rather delicate condition that cannot be determined numerically in general.
The following is a variant of [28] , Theorem 10.2. The new feature is that we have a ground ring rather than a ground field, and that the contraction is projective. This extension will be essential for the application in the next section. Proposition 1.6. Let E ⊂ X be an effective Cartier divisor that is contained in some closed fiber X σ = f −1 (σ). Furthermore, suppose that the structure morphism f : X → S is projective. Then there is an effective Cartier divisor Z ⊂ E with the following property: On the blowing-up g : X ′ → X with center Z ⊂ X, the strict transform E ′ ⊂ X ′ of E ⊂ X becomes projectively contractible points. Moreover, we could choose Z disjoint from any given finite subset {x 1 , . . . , x m } ⊂ E.
Proof. Choose a very ample invertible sheaf L on the projective scheme X so that there is a non-zero global section s 0 ∈ H 0 (X, L ) that does not vanish at any of the finitely many points in Ass(O E ) ∪ {x 1 , . . . , x m }. Then the map s 0 : O E → L |E is injective, and bijective at the points x 1 , . . . , x m ∈ E. The section s 0 defines an effective Cartier divisor D ⊂ X, and the intersection Z = D ∩ E remains Cartier in E. Replacing L and s 0 by suitable tensor powers, we may assume that L (−E) is very ample. Such a closed subscheme Z ⊂ X is the desired center:
The exceptional divisor for the blowing-up g : X ′ → X is the effective Cartier divisor g −1 (Z). Since X ′ is integral and g : X ′ → X is dominant, the preimages g −1 (D) and g −1 (E) are Cartier as well. Write D ′ , E ′ ⊂ X ′ for the strict transforms of D and E, respectively. Since the center Z is Cartier on E, the universal property of blowing-ups gives an X-morphism E → X ′ whose schematic image is the strict transform E ′ . In the same way, we have an X-morphism D → X ′ with image D ′ . Indeed, for each point z ∈ Z, let f 1 , f 2 ∈ O X,z be generators for the respective stalks of the ideal sheaves O X (−E), O X (−D) ⊂ O X . By assumption, they form a regular sequence. According to [22] , Theorem 27 on page 98, they remain a regular sequence in the opposite order, which implies that the subscheme Z is indeed Cartier in both E and D.
According to [26] , Lemma 4.4 the strict transforms D ′ , E ′ ⊂ X ′ are Cartier, with
as Cartier divisors on X ′ . In particular, we have O E ′ (−E ′ ) = O E (Z − E) with respect to the identification E ′ = E. The latter sheaf is ample on E, because the sheaf L (−E) = O X (D − E) is ample on X. By Theorem 1.2, the Cartier divisor E ′ ⊂ X ′ is contractible to points. Let r : X ′ →X be the resulting contraction, whereX is a proper algebraic space.
It remains to construct an ample invertible sheaf onX. By the very definition of X ′ = Proj( i≥0 I i ) as a relative homogeneous spectrum, where I ⊂ O X is the ideal sheaf for the center Z ⊂ X, we have an invertible sheaf O X ′ (1) = O X ′ (−g −1 (Z)) that is relatively ample for the blowing-up g : X ′ → X. Consider the invertible sheaf
We claim that D ′ is disjoint from E ′ . This is well-known ( [17] , Chapter II, Exercise 7.12), but to fix ideas we provide an argument: Since Restricting to Z results in the short exact sequence
Applying this reasoning to the inclusion Z ⊂ E, we infer that the above sequence splits, and obtain a direct sum decomposition
. Following Grothendieck's Convention, we regard sections Σ = σ(Z) for the P 1 -bundle
as invertible quotients ϕ : I /I 2 → N , via the identification Σ = Proj Sym(N ). In the direct sum decomposition
, the first projection corresponds to the section E ′ ∩ g −1 (Z), whereas the second projection comes from D ′ ∩ g −1 (Z). It follows that the two sections are indeed disjoint. Hence L ′ is trivial in some open neighborhood of E ′ , and consequently L ′ = r * (L ) for some invertible sheafL on the algebraic spaceX.
Next, we verify thatL is globally generated. Since the center Z ⊂ X is locally of complete intersection, we may apply [5] , Exposé VII, Lemma 3.5 together with the Projection Formula and obtain an identification f * (L ′ ) = I L . Since also r * (O X ′ ) = OX, we arrive at the identifications
The first identification reveals that the base-locus for the invertible sheafL must be contained in the image r(D ′ ). The exact sequence 0 → L (−E) → L → L E → 0 on the original scheme X yields a long exact sequence
where t 0 ∈ H 0 (X, O X (E)) is the canonical section defining the inclusion E ⊂ X. Now recall that the sheaf L (−E) very ample and that the Cartier divisor D ⊂ X is defined by a global section s 0 ∈ H 0 (X, L ). For each point x ∈ D Z = D E we may choose a global section t ∈ H 0 (X, L (−E)) with t(x) = 0. In turn, the global section s 1 = tt 0 of L also has s 1 (x) = t(x)t 0 (x) = 0, thus it defines an effective Cartier divisor D 1 ⊂ X with x ∈ D 1 and Z ⊂ D 1 . Under the identification (3), the resulting section s 1 ofL does not vanish at r(x ′ ) ∈X, where g(x ′ ) = x. Now suppose we have a point z ∈ Z. The corresponding point z
, whence defines a tangent vector at z ∈ X not contained in Z, that is, a closed subscheme T ⊂ Spec(O X,z ) of length two, satisfying s 0 |T = 0 and t 0 |T = 0. Since L (−E) is very ample, we may choose a global section t with t(z) = 0. As above, the global section s 1 = tt 0 of L vanishes on Z but not on T , thus defines a Cartier divisor D ′ 1 ⊂ X ′ that does not contain the point z ′ . Under the identification (3), the global section s 1 ofL does not vanish at r(z ′ ) ∈X. Summing up, we have shown that the sheafL is globally generated.
The last step is to check that the globally generated invertible sheafL is ample. LetC ⊂X be an integral curve contained in the fiberX σ for the structure morphism X → S. We merely have to show that (L ·C) > 0. Let C ′ ⊂ X ′ be the strict transform, such that
′ is a fiber of the
is a curve rather then a point. If C is not contained in the center Z ⊂ X, fix a closed point x ∈ C Z = C E and a global section t for the very ample sheaf L (−E) that vanishes at x ∈ C but not at the generic point η ∈ C. The resulting global section s 1 = tt 0 of L , via the exact sequence (4), vanishes along {x} ∪ Z but not at η ∈ C. From this we infer (L ·C) > 0.
It remains to treat the case that C ⊂ Z. Let ν : B → C ′ be the normalization map, and form the fiber product
where the locally free sheaf E = L 1 ⊕ L 2 on B is the sum of the two invertible sheafs
Here q : B → C is the composition of the normalization map ν : B → C ′ and the induced map g : C ′ → C.
The two projections pr
. By functoriality of the construction, these Σ 1 and Σ 2 are the preimages of the sections
is the pullback of L ′ . The scheme P = P(E ) is a ruled surface over the proper regular curve B, so its Picard group modulo numerical equivalence takes the form N(P ) = Z 2 . The pseudoeffective cone NE(P ) ⊂ N(P ) ⊗ Z R = R 2 must be generated by two extremal rays. Each fiber F ⊂ P for the ruling has selfintersection number F 2 = 0. According to Proposition 1.1, the section Σ 1 ⊂ P is contractible, so its selfintersection is (Σ 1 ) 2 < 0. In light of [19] , Lemma 4.12, it follows that the numerical classes of F and Σ 1 are the two extremal rays for NE(P ). This in turn implies (Σ 2 ) 2 > 0. In particular, O P (Σ 2 ) is ample on Σ 2 . According to Fujita's result ( [11] , see also [9] ), the invertible sheaf O P (Σ 2 ) must be semiample. It follows that for some n ≥ 1 the semiample sheaf O P (nΣ 2 ) is the preimage of some ample sheaf onP , where P →P is the contraction of Σ 1 . Consequently (Σ 2 · Σ) > 0 for every integral curve Σ = Σ 1 . In particular, this holds for the section Σ ⊂ P arising from the diagonal map B → B × X X ′ = P . By construction, the
Totally separably closed schemes
Recall that an integral scheme X with generic point η ∈ X is totally separably closed if it is normal and the function field F = O X,η = κ(η) is separably closed. A space or a scheme is called local if it contains exactly one closed point. The main result of this paper is: Theorem 2.1. Let X be an integral separated scheme that is totally separably closed, and u, v ∈ X be two points. Then the intersection
Proof. The intersection can be regarded as the underlying set of the schematic fiber product
Its image contains the generic point η ∈ X, in particular P is non-empty. Furthermore, the scheme P is affine, because X is separated. Seeking a contradiction, we assume that the intersection is not local. Hence there are two closed points α = β inside P . Let A, B ⊂ X be their closures in X. Both contain u and v. In fact, the points u, v ∈ A ∩ B are generic points in the intersection. If the two points u, v ∈ X admit a common affine open neighborhood, we immediately get a contradiction from [3] , Corollary 1.8. The idea of this proof is to construct, starting form X, another integral separated schemeX that is totally separably closed and additionally enjoys the AF property, containing two pointsũ =ṽ closely related to the original points u = v. Now the intersectionP = Spec(OX ,ũ ) ×X Spec(OX ,ṽ ) is indeed local, and this will finally produced the desired contradiction.
Step 1: We reduce to the case that X is the total separable closure of some proper Z-scheme X 0 . First of all, we may assume that our scheme X is quasicompact, simply by choosing affine open neighborhoods U, V ⊂ X of u, v ∈ X and replacing X by their union. Next, we write X = lim ← − X λ as a filtered inverse limit of schemes X λ , λ ∈ L that are separated and of finite type over the ring R = Z, with affine transition maps X µ → X λ , λ ≤ µ. This is possible according to [30] , Appendix C, Proposition 7. Replacing X λ by the schematic images of the projection X → X λ , we may assume that the X λ are integral, and that the transition maps X µ → X λ and the projections X → X λ are dominant. Let η λ ∈ X λ be the generic points, such that η = (η λ ) λ∈L . The function fields
be the relative separable algebraic closure of F λ ⊂ F , and TSC(X λ ) the be the resulting integral closure of X λ with respect to the field extension F λ ⊂ F sep λ . Then the filtered inverse system X λ induces a filtered inverse system Y λ = TSC(X λ ). The morphism X → X λ induces compatible morphisms X → Y λ , giving and identification X = lim ← − Y λ . Now suppose that the theorem is valid for all Y λ = TSC(X λ ). Let u λ , v λ ∈ Y λ be the images of u, v ∈ X. Then the schemes
are local henselian. According to [3] , Lemma 2.6 the inverse limit P = lim ← − P λ is local henselian, contradiction.
This reduces us to the case that X is the total separable closure of some integral scheme X 0 that is separated and of finite type over the ring R = Z. In light of Nagata's Compactification Theorem in the relative version obtained by Lütkebohmert [21] , we may additionally assume that the structure morphism X 0 → Spec(Z) is proper. This concludes Step 1.
Step 2: We may assume that the point u ∈ X lies in a closed fiber X ⊗ F p . If both points u, v ∈ X lie in the generic fiber X ⊗ Q, we could replace X 0 and X by their generic fibers. Now X 0 is proper over the field k = Q, and we immediately get a contradiction to [28] , Theorem 12.1. So we may assume without restriction that u ∈ U lies in a closed fiber X ⊗ F p , for some prime p > 0.
Step 3: Here we write X as a filtered inverse system X λ , λ ∈ L of proper Zschemes so that the geometry of A, B ⊂ X is captured by their images A λ , B λ ⊂ X λ . Let F 0 ⊂ F be the inclusion of function fields coming from the canonical morphism X → X 0 . Changing the notation from Step 1, we now write F λ ⊂ F , λ ∈ L for the filtered direct system of subfields with [F λ : F 0 ] < ∞, and let X λ → X be the normalization of X 0 with respect to the field extension F 0 ⊂ F λ . This gives a filtered inverse system X λ of finite X 0 -schemes, with X = lim ← − X λ , where the transition maps X µ → X λ , λ ≤ µ are finite. Note that all structure morphisms X λ → Spec(Z) are proper, that X → Spec(Z) is separated and universally closed, and that the projections X → X λ are universally closed. Write
for the respective images of the points u, v, α, β, η ∈ X. Let A λ , B λ ⊂ X λ be the closures of α λ , β λ ∈ X λ , which are also the images of A, B ⊂ X. In turn, we have
Replacing L by some cofinal subset, we may assume that the points in (5) 
But the left-hand side is empty, because u ∈ A ∩ B is a generic point. Thus 1 = 0 already holds as global sections on some C λ . By symmetry, the same applies for the point v ∈ A ∩ B. Replacing L by some cofinal subset, we thus may assume that u λ , v λ ∈ A λ ∩ B λ are generic points.
Step 4 Note that his property will later produce the desired contradiction.
Step 5: Construction of two auxiliary filtered inverse systems X is affine and the scheme X ′ 0 satisfies the the AF property, so the same holds for X ′ . The ensuing projective birational morphisms X ′ λ → X λ induces a birational morphism X ′ → X between integral schemes. The X ′ λ → X λ are isomorphisms over the open subsets V λ = V 0 × X 0 X λ , which contains v λ , α λ , β λ , hence X ′ → X is an isomorphism over V = V 0 × X 0 X, which contains v, α, β. So we may regard the latter also as points v
′ ⊂ X ′ be the strict transforms of A, B ⊂ X, that is, the closures of α ′ , β ′ ∈ X ′ . According to [3] , Corollary 1.8 together with [28] , Theorem 7.6 the intersection
′ is generic, whence this must be the unique generic point. Consider the canonical morphism ϕ : X ′ → X 0 , which is a closed map. Suppose there would be a point u ′ in the intersection (6) . Thus the intersection (7) is empty. Passing to a cofinal subset of L, we may assume that already the fiber of A 
Clearly, u λ is contained in the finite set t −1 0λ (u 0 ), where t 0λ : X λ → X 0 denotes the transition map. Using the above commutative diagram, we infer that the h λ (u λ ) and in particular the elements r λ , s λ ∈ h −1 λ (u λ ) are mapped to the same pointũ λ ∈X λ . Now consider the resulting filtered inverse systemX λ , λ ∈ L of projective schemes with finite transition maps. The inverse limitX = lim ← −X λ is another totally separably closed scheme. Since the schemeX 0 is projective and the morphismsX →X 0 is integral,X enjoys the AF property. The pointsũ λ ∈X λ are compatible and yield a pointũ ∈X. By construction, X λ →X λ are isomorphisms on an open neighborhood of v λ , α λ , β λ . So we may regard the latter as points onX, denoted bỹ v λ ,α λ ,β λ ∈X λ . In turn, we get pointsṽ,α,β on the inverse limitX.
Since the pointsũ,ṽ ∈X admit a common affine open neighborhood, [3] , Corollary 8.1 applies and we infer with [28] , Theorem 7.6 that the intersectionÃ ∩B is irreducible. Arguing as above, we see thatṽ ∈Ã ∩B must be the generic point, in particularũ ∈ {ṽ}. Since the projectionX →X 0 is closed, we also haveũ 0 ∈ {ṽ 0 }. The contraction r 0 : X Note that in Theorem 2.1 some assumption about separatedness is inevitable : For example, let k be an algebraically closed field, R 0 be the henselization of k[x, y] at the maximal ideal m = (x, y), and R be its total separable closure. Then R is a local integral domain of dimension two that is TSC. Let U ⊂ Spec(R) be the complement of the closed point. Then U has dimension one and contains infinitely many closed points. Let R 1 and R 2 be two copies of R, and X = Spec(R 1 ) ∪ Spec(R 2 ) be the non-separated integral TSC scheme obtained by gluing along U ⊂ Spec(R i ). For the two closed points u, v ∈ X we have Spec(O X,u ) ∩ Spec(O X,v ) = U, which is not local.
In this example, the diagonal ∆ : X → X × X is not affine. It is conceivable that Theorem 2.1 holds true under the weaker assumption that the diagonal is merely affine rather than a closed embedding.
Application to Nisnevich cohomology
Let X be a scheme, and write (Et/X) for the category ofétale X-schemes. The Nisnevich topology on this category is the Grothendieck topology defined by the pretopology whose covering families (U i → U) i∈I are those where for each x ∈ U there is some index i ∈ I and some x i ∈ U i mapping to x, such that the residue field extension κ(x) ⊂ κ(x i ) is trivial [24] . We write X Nis for the ensuing topos of presheaves on (Et/X) that satisfy the sheaf axiom for the Nisnevich topology. We refer to such sheaves as Nisnevich sheaves. Each point x ∈ X yields a point (P * , P * , ψ) : (Set) → X Nis in the sense of topos-theory, and the corresponding local ring of the structure sheaf with respect to the Nisnevich topology is the henselization of the local ring O X,x with respect to the Zariski topology. Every abelian Nisnevich sheaf F comes with a spectral sequence E pq 2 =Ȟ p (X Nis , H q (F )) =⇒ H p+q (X Nis , F ) fromČech cohomology to sheaf cohomology (see for example [28] , Appendix B).
Theorem 3.1. If X is quasicompact and separated, thenȞ p (X Nis , H q (F )) = 0 for all p ≥ 0, q ≥ 1 and all abelian Nisnevich sheaves F . In particular, the canonical mapsȞ p (X Nis , F ) −→ H p (X Nis , F ) fromČech cohomology to sheaf cohomology are bijective for all p ≥ 0.
Proof. The result was already established in [28] , Theorem 13.1 for schemes where the structure morphism X → Spec(Z) factors over the spectrum of a prime field. In other words, X is a k-scheme for some ground field k. This assumption entered only via [28] , Theorem 12.1. But the latter holds true without the superfluous assumption of a ground field, by Theorem 2.1.
